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ON BIHOLOMORPHIC AND PROPER HOLOMORPHIC MAPPINGS IN C n
In the present paper we give an upper sharp estimation of the distance between the origin and the topological boundary of the range f(B n ) for biholomorphic and proper holomorphic mappings / from the open unit ball B n C C n into C n .
Definitions and notations
Let C n be the space of n complex variables z = (zi,..., z n ) with a norm || • || and the distance dist(z, w) = ||z-uj|| and let I n be the identity in the set of all continuous linear operators A from C n into C n with the standard norm ||A|| = supii^u-! ||.A(te)||. Let B n (a,r), a € C n , r > 0 denote the open ball {z € C n : ||z -a|| < r} and as usual by D k f(z), for k > 1, we denote the A;th Frechet derivative of the mapping / at the point z, shortly we write B n (r), B n for i? n (0,l) and B n ( 1) , respectively. For a set Q C C n by cl Q, di2 will be denoted the closure and the topological boundary of J2, respectively.
We say that / is a proper holomorphic mapping of analytic in the open unit disc B 1 function / the following inequality holds:
In the classical setting an univalent analytic function f : B
1
C is said to be class S if /(0) = 0 and /'(0) = 1. Therefore every / € S satisfies the inequality
As a natural generalization of S to higher dimension we propose like Cartan H. (see [1] ) the class of all biholomorphic maps / : B n -> C n for which /(0) = 0 and Df{0) = /". Let us call this class S(B n ). First let us observe that for n > 1 the left hand side of (2) is not true in the family S(B n ) and it remains false even if the constant \ is replaced by a constant 0 < d < j, for example see [4] . The lower estimation from (2) is however true in some large subclasses of biholomorphic mappings. For example, for Euclidean norm || • ||, let f : B n C n ,f(0) = 0,D/(0) = /", be a locally biholomorphic mapping which fulfills the inequality 
and the above result is sharp.
Proof. If we put r = dist(0, df(B n )), then 0 < r < oo and the mapping
satisfies the assumptions of Schwarz Lemma in C n (q : B n -» B n , q(0) = 0, and q is holomorphic in B n ). Thus ||£>g(0)|| < 1. Since Dq(0) = rl n , we have r < 1. Now observe that the equality in (3) is obtained for identity mapping reduced to the unit ball B n . This completes the proof.
In the following corollaries from Theorem 1.1 we will present two ndimensional versions of the upper bound from (1). Proof. Let a = (ai,...,a n ) be an arbitrarily fixed point of the polycylinder B n . It is known (see for instance [9; 7.3] ) that the mapping = (ipi,..., ip n ) defined by the formula
is the holomorphic automorphism of the polycylinder D n with !P o (0)=a. Let us put
and, by Theorem 1.1, dist(0, dh{B
so it is sufficient to show that ||jD!? a (0)|| = maxi<j< n (l -|aj| 2 ). Indeed, the formula (5) implies = max (1 -|a,| 2 ). l<.j<n This gives the inequality (4), because the point a G B n was arbitrary. Finally we prove that the equality in (4) holds, too. Indeed, for / = If" 1 and z = o we obtain dist(
2 ) is equal to 1 if and only if ||a|| = |aj| for any j = 1 ,...,n. This completes the proof. 
The proof is based on two lemmas. The proof of Corollary 1.2. Let a be an arbitrarily fixed point of B n , and
where <pa is the automorphism of the ball B n , defined by formula (7). Analysis similar to that in the proof of Corollary 1.1 shows that
d\st(f(a),df(B n ))<\\Df(a)\\sa.
From this and (8) we obtain the inequality (6), bccausc the point a € B n was arbitrary. This finishes the proof of Corollary 2.1. In the part 2 we give a generalization of Theorem 1.1. 
